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MAL’CEV-NEUMANN RINGS AND NONCROSSED PRODUCT
DIVISION ALGEBRAS
CE´CILE COYETTE
Abstract. The first section of this paper yields a sufficient condition for a
Mal’cev-Neumann ring of formal series to be a noncrossed product division
algebra. This result is used in Section 2 to give an elementary proof of the
existence of noncrossed product division algebras (of degree 8 or degree p2
for p any odd prime). The arguments are based on those of Hanke in [7], [8]
and [9].
A finite-dimensional central simple algebra A over a field F is a crossed product
if it contains a maximal commutative subalgebra K that is a Galois field extension
of F . Multiplication of the elements in a K-base of A can be defined in terms of
a factor set, which yields a nice explicit representation of A, see [13, §14.1]. In
1972, S. A. Amitsur proved by a generic construction the existence of noncrossed
product division algebras [2]. Since then, various examples of noncrossed product
division algebras have been constructed [3],[4], including some by E. S. Brussel [3]
over rational function fields or Laurent series fields in one indeterminate over Q.
More recently, very explicit, computational examples over Laurent series fields were
given by T. Hanke [7], [8] and [9].
The purpose of this article is to provide a new proof of the existence of non-
crossed product division algebras of degree 8 or p2 for p an odd prime. The proof
is directly inspired by T. Hanke’s explicit constructions. For Hanke’s delicate defi-
nition of outer automorphisms of division algebras in [7], [8] and [9], we substitute
an argument using local invariants of division algebras over global fields. This is
made possible by the use of a version of the Mal’cev-Neumann construction. Thus
we obtain an elementary but not completely explicit construction of noncrossed
product division algebras.
In the first part of this article, we provide a condition for a Mal’cev-Neumann ring
to be a division algebra and some sufficient conditions for this Mal’cev-Neumann
division algebra to be a noncrossed product, see Proposition 1.4 and Corollary 1.6.
The residue field condition used in Proposition 1.4 was first introduced by E. S.
Brussel [3].
In the second part, using Corollary 1.6, we obtain two distinct constructions
of noncrossed product division algebras of degree p2 (for p an odd prime) and of
degree 8 (respectively Theorem 2.1 and 2.7). Theorem 2.1 is based on Lemma 7.6
in [7] and [9] and Theorem 2.7 is a generalisation of Theorem 6.2 in [8].
As an illustration of this technique, we give a infinite series of examples based on
number field extensions of characteristic 0 in §2.1 and on extensions of rational func-
tion fields in one indeterminate in §2.2 (these last examples in prime characteristic
differ from [8] where T. Hanke use number fields).
Key words and phrases. Malcev-Neumann series, division algebra, (non)crossed product, local
invariants.
The author is a Research Fellow of the “Fonds National pour la Recherche Scientifique” (F.R.S.-
FNRS), Belgium.
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1. Malcev-Neumann series
Let A be a finite-dimensional central simple F -algebra, where F is a field. As-
sume that the algebra A contains a Galois extension K/F whose Galois group
G := Gal[K/F ] is abelian and let CA(K) be the centralizer of K in A. Moreover,
let ε : Γ → G be a surjective homomorphism, where Γ is a totally ordered abelian
(additive) group.
Using the Skolem-Noether theorem [13, §12.6], we know that for all σ ∈ G, there
is uσ ∈ A× such that xσ = u−1σ xuσ for all x ∈ K (to simplify, we take uId = 1).
From this, we construct the Malcev-Neumann ring CA(K)((Γ)) of formal series
in indeterminates aγ ,∑
γ∈Γ
aγrγ with rγ ∈ CA(K) for all γ ∈ Γ,
such that the set supp
(∑
γ∈Γ aγrγ
)
:= {γ ∈ Γ | rγ 6= 0}, called the support of the
series, is well-ordered. The ring structure is given by componentwise addition and
by a multiplication defined as follows:
raγ = aγ(u
−1
ε(γ)ruε(γ)) for all r ∈ CA(K),
aγaδ = aγ+δu
−1
ε(γ)ε(δ)uε(γ)uε(δ) for all γ, δ ∈ Γ.
The fact that the support is well-ordered implies that the multiplication is well-
defined (see [11, p. 241-244] and [5, §2.4] for more details). It is easy to prove
that the multiplication is associative. If L ⊆ CA(K) and if Λ is a subset of Γ,
the notation L((Λ)) will refer to the subset of CA(K)((Γ)) given by the elements∑
γ∈Λ aγrγ where rγ ∈ L for all γ ∈ Λ.
Remark 1.1. Suppose Γ = Z and let K/F be a cyclic Galois extension with Galois
group G generated by σ. Therefore, for all τ ∈ G, we have that τ = σk for some
k ∈ Z. Let A be a finite-dimensional central simple F -algebra containing K. If
we take uσz = u
z
σ and ε : Z → G defined by ε(z) = σz for z ∈ Z in the above
construction, we have aγaδ = aγ+δ and raγ = aγr
σγ for all γ, δ ∈ Z. If we identify
a1 with x, and thus az with x
z for all z ∈ Z, we obtain a twisted Laurent series
ring whose elements are
∑
z∈Z x
zrz with rz ∈ CA(K).
To simplify the notation, we set D := CA(K)((Γ)).
Theorem 1.2. If CA(K) is a division algebra, then D is a valued division algebra
with value group Γ and residue field CA(K). Its center is F ((ker ε)) and degD =
degA.
Proof. Firstly, we prove that the center Z(D) ofD is F ((ker ε)). Let S :=∑γ∈Γ aγrγ
be an element of Z(D). From the fact that rS = Sr for all r ∈ CA(K), we conclude
that ruε(γ)rγ = uε(γ)rγr, for all r ∈ CA(K) and for all γ ∈ Γ. Thus, for all γ ∈ Γ,
uε(γ)rγ is an element of CA(CA(K)) = K. In a second step, we know that for all
β ∈ Γ, we must have Saβ = aβS. Using the commutativity of Γ and G, this condi-
tion amounts to u−1
ε(β)uε(γ)rγuε(β) = uε(γ)rγ for all β, γ ∈ Γ. Since uε(γ)rγ ∈ K and
since the homomorphism ε is surjective, uε(γ)rγ is fixed by all the elements of G,
thus uε(γ)rγ ∈ F for all γ ∈ Γ. In particular, every element k of K commutes with
uε(γ)rγ . Therefore, we obtain that for all γ ∈ Γ and for all k ∈ K, kε(γ)rγ = krγ .
Fix γ ∈ Γ. If ε(γ) 6= Id, there exists an element k of K× such that kε(γ) 6= k, and
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this implies that rγ = 0. We conclude that if rγ 6= 0 then ε(γ) = Id. From these
conditions, we find that Z(D) = F ((ker ε)).
Secondly, in order to prove that degD = degA, we start with the equality
[D : Z(D)] = (Γ : ker ε)[CA(K) : F ]. The homomorphism ε is surjective, hence
(Γ : ker ε) = |G| = [K : F ]. From the theory of central simple F -algebras, we
have [CA(K) : F ][K : F ] = [A : F ] (see [13, §12.7]). Consequently, we obtain that
[D : Z(D)] = [A : F ] as desired.
To prove that D is a division algebra, we introduce a map v : D → Γ ∪ {∞}
defined by v(0) =∞ and
v
(∑
γ∈Γ
aγrγ
)
= min
{
supp
(∑
γ∈Γ
aγrγ
)}
,
This map satisfies the following three properties:
• For S ∈ D, v(S) =∞ if and only if S = 0.
• If S1, S2 ∈ D, then v(S1 + S2) ≥ min{v(S1), v(S2)}.
• For S1, S2 ∈ D, v(S1S2) = v(S1) + v(S2).
The proofs of the first two properties are obvious. For the third one, consider two
elements S1 :=
∑
γ∈Γ aγrγ and S2 :=
∑
σ∈Γ aσsσ in D. We easily see that we
have v(S1S2) > v(S1) + v(S2). For the reverse inequality, consider the coefficient
of av(S1)+v(S2) in S1S2, which is α := u
−1
ε(v(S1))ε(v(S2))
uε(v(S1))rv(S1)uε(v(S2))sv(S2).
Since rv(S1) 6= 0 and sv(S2) 6= 0, the fact that CA(K) is a division algebra implies
that α 6= 0, thus v(S1S2) 6 v(S1) + v(S2). This proves the third property.
Therefore, D has no zero divisors, and since D is finite-dimensional, each S ∈ D×
has an inverse. This concludes the proof: the algebra D is a division algebra and v
a valuation. The residue field of D for v is CA(K) and its value group is Γ.
Remark 1.3. In this text, when we use a valuation on a Malcev-Neumann division
algebra, it will always be this valuation v. The residue field of D for this valuation
is CA(K). Therefore, for any subfield L ⊆ D, the residue field L centralizes K, and
we may consider the field compositum LK ⊆ CA(K).
The first part of the following lemma on the Mal’cev-Neumann ring is a special
case of Corollary 5.16 in [7] and a generalization of Lemma 5.3 in [8] (where Γ = Z)
and of Lemma 2 in [3]. Another proof can be found in [10], Theorem 5.15b.
Proposition 1.4. If CA(K) is a division algebra and if the field L is a maximal
subfield of D then LK is a maximal subfield of CA(K). Moreover, if L/F ((ker ε))
is a Galois extension and if charF does not divide [L : F ], LK is Galois over F .
Proof. Since LK is a subfield of CA(K), it follows that degCA(K) 6 [CA(K) : LK].
Consequently, we have to prove that [CA(K) : LK] 6 degCA(K).
Step 1: [D : L] = n degCA(K) where n := [K : F ].
Since L is a maximal subalgebra of D and using Theorem 1.2,
[D : L]2 = (degD)2 = [A : F ] = (degCA(K))2[K : F ]2.
Thus, [D : L] = n degCA(K) and this concludes the proof.
Step 2: [CA(K) : L] 6
n
l
degCA(K) where l :=
(
v(D×) : v(L×)).
This readily follows from Step 1 and from the fundamental inequality of valuation
theory saying that (
v(D×) : v(L×))[CA(K) : L] 6 [D : L].
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Step 3: For the same l as above, [K : L ∩K] > n
l
.
Indeed, the surjective homomorphism ε induces an isomorphism
ε : Γ/ ker ε→ Gal[Z(D)/Z(D)] = Gal[K/F ].
Let x, y be two elements of L with v(y) = 0 and y¯ ∈ L ∩ K. If v(x) = γ, then
x = aγr(1 + S) with v(S) > 0 and r ∈ CA(K). Therefore,
y = x−1yx = r−1 a−1γ yaγ r.
Using the multiplication rules, we obtain y¯ε(γ) = y¯. This implies that ε(v(L×)) is
contained in Gal[K/L∩K]. Since (v(D×) : v(Z(D)×)) = (Γ : ker ε) = [K : F ] = n,
we know that (v(L×) : ker ε) = n
l
divides [K : L ∩K]. Consequently, we conclude
immediately that n
l
6 [K : L ∩K].
Step 4: [CA(K) : LK] 6 degCA(K).
From Step 3, it follows that [LK : L] > n
l
. Hence, since
[CA(K) : LK] =
[CA(K) : L]
[LK : L]
,
and using Step 2, we obtain [CA(K) : LK] 6 degCA(K).
Suppose now that L/F ((ker ε)) is a Galois extension. It follows that L/F is a
normal extension (see [6, p. 136]). Moreover, L/F is separable because charF does
not divide [L : F ], hence L/F is a Galois extension. Therefore, since K/F and L/F
are Galois extensions, LK/F is a Galois extension (of degree degA).
Remark 1.5. For CA(K) a division algebra, if a field M is a maximal subfield
of CA(K), dimension count shows that M is also a maximal subfield of A.
The following result (similar to Theorem 5.20 in [7]) provides a condition for D
to be a noncrossed product.
Corollary 1.6. Let A be a central division F -algebra containing a Galois exten-
sion K/F with a abelian Galois group G := Gal[K/F ] and such that charF does
not divide degA. Suppose ε : Γ → G is a surjective homomorphism, where Γ is
a totally ordered abelian (additive) group. If A contains no maximal subfield M
containing K such that M/F is a Galois extension, then D is a noncrossed product
division algebra.
Proof. We have the hypotheses needed to construct the Mal’cev-Neumann ring D.
Since A is a division algebra, the centralizer CA(K) is clearly a division algebra.
Consequently, Theorem 1.2 says that D is a division algebra. If D is a crossed
product, there exists a maximal subfield L of D such that L/F ((ker ε)) is a Galois
extension. The fact that charF does not divide degA implies that charF does not
divide [L : F ]. By Proposition 1.4, M := LK is a maximal subfield of CA(K), and
thus a maximal subfield of A, such that LK Galois over F . The conclusion is clear:
by hypothesis, A contains no such subfield.
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2. Application to noncrossed product division algebras
In the following two subsections, we consider two particular cases of central
division F -algebras A containing a Galois extension K/F . We suppose to have
the general hypotheses for Corollary 1.6 and, in both cases, we discuss now which
conditions we must add for A to have no maximal subfield M containing K such
that M/F is Galois.
2.1. Noncrossed product division algebra of degree p2, for p an odd prime.
The following theorem gives some general conditions under which Corollary 1.6
applies (for K/F a global fields extension, it is a special case of Lemma 7.6 in [7]).
Theorem 2.1. Let A be a central division F -algebra of degree p2 containing a
Galois extension K/F of degree p, where p is an odd prime. Suppose we have two
discrete valuations v1, v2 of F such that:
(1) v1, v2 extend to valuations of A,
(2) K/F is totally ramified for v1, charF v1 6= p and µp2 6⊂ F v1 (i.e. F v1
contains no primitive (p2)th-root of unity).
(3) K/F is inertial for v2, F v2 is finite and |F v2 | 6≡ 0, 1 mod p.
Then, the algebra A has no maximal subfield M containing K such that M/F is a
Galois extension. Consequently, D is a noncrossed product division algebra.
Proof. Suppose we have a maximal subfieldM of A containing the field K and such
that M/F is a Galois extension. Since [M : F ] = p2, we have two possibilities. By
hypothesis (1), the valuations v1 and v2 extend uniquely to the field M (see [15]).
First case: M/F is a cyclic extension.
Since M/F is cyclic, K is the only subfield of L of dimension p. The valuation
v1 is totally ramified in K, hence the inertia field of v1 for K/F is F . Therefore,
since the subfields of M are linearly ordered, the inertia field of v1 for M/F is also
the field F . Consequently, v1 is totally ramified in M .
For the valuation v1, the field extension M/F is tamely ramified: Mv1 = F v1
and ([M : F ], charF v1) = 1. Since M/F is a cyclic tamely and totally ramified
extension for a discrete valuation, we conclude that F v1 contains a primitive (p
2)th-
root of unity, using Proposition (∗) in [9, p. 201] (or Theorem 16.2.6 in [6]). This
is a contradiction with the hypothesis (2). Thus, K has no cyclic extension of
degree p2 in A.
Second case: M/F is not a cyclic extension, henceM/F is an elementary abelian
extension.
In this case, M has a subfield K ′ with K 6= K ′ such that [K ′ : F ] = [K : F ] = p.
Since F v2 is finite, the valuation v2 is inertial in K implies that it is totally ramified
in K ′. Furthermore, K ′v2 = F v2 and, using |F v2 | 6≡ 0 mod p, we obtain that
([K ′ : F ], charF v2) = 1. Hence K
′/F is tamely ramified. The extension K ′/F is
cyclic, hence F v2 contains a primitive p
th-root of unity (using the same result as in
the cyclic case, in [9]), thus |F v2 | ≡ 1 mod p. This contradicts the hypothesis (3).
In conclusion, such a field M does not exist, hence D is a noncrossed product
division algebra.
To construct a noncrossed product division algebra using Theorem 2.1, it remains
to have an algebra and a field extension satisfying all the hypotheses we need to use
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the theorem. To do this, we assume that F is a global field. Corollary 2.3 shows
that for any Galois extension K/F of odd prime degree p satisfying properties (2)
and (3), there always exists a central division F -algebra A of degree p2 containingK
and satisfying (1). The proof uses local invariants. For more details about this
subject, see [13, §17.10, §18.4, §18.5] and [14, §8.32].
We will write V (F ) to designate the set of all primes of F (see [14, p. 63-64]) and
Invv(A) for the local invariant of A for the valuation v.
Proposition 2.2. Let A be a central division algebra over a global field F of de-
gree n. An extension K of F of degree k dividing n is contained in A if and only
if the Least Common Multiple (LCM) of orders of Invw(A⊗F K) for w ∈ V (K) is
n/k.
Proof. We know that there exists an F -algebra embedding of K in A if and only if
Ind(A ⊗F K)[K : F ] = IndA (for the proof, see Theorem 24 in [1, p. 61]). Then,
the hypotheses implies that K is contained in A if and only if Ind(A⊗F K) = n/k.
Since Ind(A ⊗F K) is the LCM of the local indices (see [14, p. 279]), and since
the local indices are equal to the orders of the local invariants Invw(A ⊗F K) (see
[13, §17.10]), we conclude the proof.
Corollary 2.3. Let n be a positive integer and let K/F be a global field extension
of degree k such that n = km for some positive integer m. Suppose v1, v2 ∈ V (F )
extend uniquely to K. Let S be a finite subset of V (F ) containing v1 and v2.
Consider a sequence (tv)v∈V (F ) of elements of Q/Z such that:
(a)
∑
v∈V (F ) tv = 0 + Z,
(b) the order of tv is n for v ∈ {v1, v2},
(c) the order of all nonzero tv divides m,
(d) tv = 0 for all v ∈ V (F )\S.
Then there exists a central division F -algebra A with local invariants (tv)v∈V (F ).
Moreover A has degree n, contains K and the valuations v1 and v2 extend to A.
Proof. Since we have
∑
v∈V (F ) tv = 0+Z, the Hasse-Brauer-Noether Theorem (see
[14, p. 277]) shows that there exists a unique central division F -algebra A such
that Invv(A) = tv for all v ∈ V (F ). The LCM of the orders of invariants is n, this
implies that this division algebra A has degree n.
For a field F , we write Fˆv to designate the completion of F for the valuation v.
For i = 1 and i = 2, the order of Invvi(A) is n, hence, A⊗ Fˆvi is a division algebra.
Consequently, vi extend to A ⊗ Fˆvi for i ∈ {1, 2}. By restriction, the valuations
v1, v2 extend to A.
We must now prove that the field K is contained in A. The valuations v1 and v2
extend uniquely to K, hence, [Kˆvi : Fˆvi ] = [K : F ] respectively for i = 1 and i = 2.
For all v ∈ V (F ), we know that
(1) Invw(A⊗F K) = [Kˆw : Fˆv] Invv(A)
for any extension w of the valuation v to K (see [14, p. 354]). Then, the order of
Invvi(A ⊗F K) is m, for i ∈ {1, 2}. Moreover, for all valuations v ∈ V (F ), since
the order of Invv(A) divides m, the order of Invw(A ⊗F K) divides m, using (1).
Therefore, it follows that A contains K by Proposition 2.2.
In conclusion, for a given global field Galois extension K/F of prime degree p
such that the valuations v1 and v2 of F extend uniquely to K, we have proved the
existence of an algebra satisfying the properties we need.
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To have an example of noncrossed product algebra with this construction, we
must consider a global field Galois extensionK/F of prime degree, satisfying condi-
tions (2) and (3) in Theorem 2.1. An explicit example of degree 3 is given by Hanke
in [9]. Hanke’s example is the Galois extension Q(ζ + ζ−1)/Q where ζ is a primi-
tive 7th-root of unity. In the following construction, we will provide an example of
degree p for any odd prime p.
Example 2.4. Let p be an arbitrary odd prime. By Dirichlet’s theorem on primes
in arithmetic progression, there exists a prime q ≡ 1 + p mod p2. Let ζq ∈ C
be a primitive q-th root of unity. Since Q(ζq) is a cyclic extension of Q of degree
q− 1 ≡ 0 mod p, it contains a unique cyclic extension K of Q of degree p. Choose
m ∈ Z whose residue modulo q generates the multiplicative group (Z/qZ)×. By
Dirichlet’s theorem, there exists a prime r ≡ 2q +m(1− q) mod pq.
Proposition 2.5. The field K of Example 2.4 satisfies conditions (2) and (3) of
Theorem 2.1 for F = Q, v1 the q-adic valuation vq and v2 the r-adic valuation vr.
Proof. Firstly, we know that the extension Q(ζq)/Q is totally ramified for the q-adic
valuation vq. Therefore, the extension K/Q is totally ramified for vq. The residue
field Fq has characteristic q 6= p. Since q ≡ 1 + p mod p2, we have that q 6≡ 1
mod p2, thus Fq contains no primitive (p
2)th-root of unity.
Secondly, we consider K/F with the valuation vr. The residue field of F for
vr is Fr. It is a finite field, and r 6≡ 0, 1 mod p since r ≡ 2 mod p. It remains
to prove that K/F is inertial for vr. Since m is a primitive (q − 1)-root of unity
in Fq and since r ≡ m mod q, it follows that rk 6≡ 1 mod q for all k < q − 1.
Therefore, no extension of Fr of degree k < q − 1 contains a primitive q-th root of
unity. It follows that vr has a unique extension to Q(ζq) and the residue field is an
extension of Fr of degree q − 1. In conclusion, Q(ζq)/Q is an inertial extension for
the valuation vr.
Corollary 2.6. For any odd prime p, there exists a noncrossed product division
algebra of degree p2 over the Laurent series field in one indeterminate over Q.
Proof. From the prime p, we construct the field extension K/Q in Example 2.4.
Let v1 be the q-adic valuation vq and v2 be the r-adic valuation vr. Consider local
invariants defined by
tv1 :=
p2 − 1
p2
+ Z, tv2 :=
1
p2
+ Z
and tv := 0 + Z for all v ∈ V (Q)\{v1, v2}. This sequence satisfies Corollary 2.3,
hence there exists a division Q-algebra A of degree p containing K and such that
vq and vr extend to A. Using Proposition 2.5, we know that the hypotheses (2)
and (3) in Theorem 2.1 are satisfied. Therefore, for Γ = Z and ε : Z → Gal[K/Q]
defined by ε(z) = σz (where σ generates Gal[K/Q]), Theorem 2.1 implies that the
twisted Laurent series ring CA(K)((Z)) is a noncrossed product division algebra
(see Remark 1.1).
2.2. Noncrossed product division algebra of degree 8.
Consider F a field with charF 6= 2, and a field K := F (√a,√b) where a, b are
elements in F×\F×2, independent modulo F×2. Let A be a central division algebra
over its center F such that degA = 8 and such that A contains K.
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Let σ and τ be the two automorphisms generating the Galois group of K/F ,
respectively defined by:
σ(
√
a) = −√a, σ(
√
b) =
√
b,
τ(
√
a) =
√
a, τ(
√
b) = −
√
b.
Define the surjective homomorphism ε : Z × Z → Gal[K/F ] by ε(r, s) = σrτs.
Consider D = CA(K)((Γ)) where Γ = Z× Z.
Using Theorem 1.2, since A is a division algebra, D is a division algebra too. By
Proposition 1.6, if the central division A contains no maximal subfieldM containing
K such that M/F is a Galois extension, then D is a noncrossed product division
algebra.
We want to find conditions onK andA under which such a Galois extensionM/F
of degree 8 does not exist.
The following theorem providing some conditions to obtain a noncrossed product
division algebra is a generalization of Lemma 8.2 in [7] and of Theorem 6.2 in [8]
(for a general global field F instead of a real number field). An example where
these conditions are fulfilled is given in Example 2.8 below.
Theorem 2.7. Let F be a global field with charF 6= 2. Suppose A is a central
division F -algebra of degree 8 containing a biquadratic extension K := F (
√
a,
√
b)
where a, b are such that the quadratic form 〈a, b, ab〉 is not isometric to 〈1, 1, 1〉.
Moreover, assume v1, v2 are two nondyadic valuations of F such that:
(1) v1, v2 extend to valuations of A,
(2) the inertia fields of v1 and v2 for K/F are two distinct quadratic extensions
of F ,
(3) |F v1 | 6≡ 1 mod 4,
(4) |F v2 | 6≡ 1 mod 4,
then there is no Galois extension M/F of degree 8 such that K ⊆M ⊆ A. Conse-
quently, the division algebra D is not a crossed product.
Proof. Assume we have a Galois extension M/F of degree 8 with K ⊆ M ⊆ A.
To simplify the notation, we write G := Gal[M/F ]. It follows that |G| = 8. We
have three possibilities: G is the dihedral group, the quaternion group or an abelian
group.
The proof that such extension does not exist when G is the dihedral group or an
abelian group is similar to the proof of Theorem 6.2 in [8]. The case where G is the
quaternion group is not possible byWitt’s criterion for the embedding of biquadratic
extensions into quaternionic extensions: the fact that 〈a, b, ab〉 and 〈1, 1, 1〉 are not
isometric implies that Gal[M/F ] is not a quaternion group (see [16]).
In conclusion, there is no Galois extensionM/F of degree 8 such that K ⊆M ⊆ A.
An explicit example of a noncrossed product division algebra based on the ex-
tension Q(
√
3,
√−7)/Q using iterated twisted Laurent series is given in [7], [8] and
can be easily adapted with Mal’cev-Neumann series. In the following example, we
consider a biquadratic field extension on a rational function field in one indetermi-
nate.
Example 2.8. Let p be a prime such that p ≡ 3 mod 8. Consider the field
extension K/F where F := Fp(t) (the rational function field in one indeterminate
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over Fp) and K := Fp(t)
(√
t,
√
(t+ 1)(t+ 2)
)
, with the valuations v1 := vt and
v2 := vt+1 respectively the t-adic valuation and the (t+ 1)-adic valuation.
The valuation v1 is totally ramified in Fp(t)(
√
t) and the valuation v2 is totally
ramified in Fp(t)
(√
(t+ 1)(t+ 2)
)
. Moreover, we see easily that t is not a square
in the residue field of Fp(t) for the valuation vt+1 and that (t+ 1)(t+ 2) is not
a square in the residue field of Fp(t) for the valuation vt (since p ≡ 3 mod 8).
Therefore, the inertia field of v1 for K/F is not equal to the inertia field of v2
for K/F . Consequently, we have the hypothesis (2) in Theorem 2.7.
In both cases, for i ∈ {1, 2}, |F vi | = p ≡ 3 mod 4, thus the hypotheses (3)
and (4) also hold.
Furthermore, we want to prove that 〈t, (t + 1)(t+ 2), t(t+ 1)(t+ 2)〉 6≃ 〈1, 1, 1〉.
To do this, we decompose the quadratic forms as follows:
〈t, (t+ 1)(t+ 2), t(t+ 1)(t+ 2)〉 ≃ 〈t〉⊥〈(t+ 1)(t+ 2)〉〈1, t〉.
Consider the valuation vt+2 which is ramified in Fp(t)(
√
(t+ 1)(t+ 2)). Clearly,
for this valuation, 〈t〉 is anisotropic. Moreover, 〈1, t〉 is anisotropic too since −t ≡ 2
is not a square in the residue field Fp. Thus, 〈t, (t + 1)(t + 2), t(t + 1)(t + 2)〉 is
anisotropic in Fp(t) (see [12, p. 148]). Since 〈1, 1, 1〉 is isotropic in Fp(t) (see [12,
p.36]), we have
〈t, (t+ 1)(t+ 2), t(t+ 1)(t+ 2)〉 6≃ 〈1, 1, 1〉.
As in §2.1, we want to prove the existence of an algebra A as in Theorem 2.7
using Corollary 2.3 (with k = 4 and n = 8). For example, we may choose
t1 :=
3
8
+ Z t2 :=
5
8
+ Z.
Corollary 2.3 implies that there exists a central division F -algebra having t1 as local
invariant in v1 and t2 as local invariant in v2 and 0 for all the other local invariants.
Moreover, this central division F -algebra A has degree 8, contains K and v1 and
v2 extend to A.
In conclusion, Theorem 2.7 says that CA(K)((Z × Z)) is a noncrossed product
division algebra.
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